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Coupling constants for a degenerate Fermi gas
confined to a quasi one-dimensional harmonic trap
F Gleisberg and W Wonneberger
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Abstract. A theory for the coupling constants between spin polarized degenerate
fermionic atoms is developed for the case of atoms confined to a quasi one-dimensional
harmonic trap. Exploiting the presence of the Fermi edge and the large number
of fermions it is shown that the resulting effective one-dimensional interaction can
be parameterized by three sets of interaction coefficients, two for forward scattering
and one for backward scattering. In the case of identical fermions, backscattering
dominates because the contact part of the effective one-dimensional interaction must
be subtracted. Analytic expressions for the interaction coefficients for the effective
contact interaction, which is relevant for the inter-component interactions, and for the
”p-wave” interaction appearing in next order, are given. As an example, we calculate
and discuss in detail the effective coupling constants for the marginally long ranged
dipole–dipole interaction.
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21. Introduction
The achievement of Bose-Einstein condensation in dilute ultracold gases [1] also renewed
the theoretical interest in fermionic many body systems [2, 3, 4, 5], e.g. their superfluid
properties [6, 7, 8, 9, 10]. Experimental successes in obtaining degeneracy in Fermi
vapours [11, 12, 13, 14, 15] further stimulated the interest in confined ultracold Fermi
gases. Recently, successful production of large samples of fermionic lithium (106 - 107
atoms) with long lifetimes ( 102 sec.) was reported [16, 17].
The present situation in this field is characterized by intensive search for a verification
of the presence of a superfluid BCS-like phase. Strong attractive interaction between
the fermions is needed for a transition temperature not too far below the temperature
of Fermi degeneracy. It is not only the absence of s-wave scattering between identical
fermions which causes problems, even the intrinsic interaction between non-identical
fermions is generally too weak. Strongly interacting degenerate Fermi gases now can be
produced either by mixing bosons with fermions [18, 19] or by magnetically inducing a
Feshbach resonance in a two-species mixture of fermions [20, 21, 22, 23].
Here we study the interaction of both identical and non-identical fermions in a
one-dimensional harmonic trap where no superfluid transition can occur at finite
temperatures. The interactions considered in the present paper are limited to scattering
in a single channel when energy is exchanged between the scattering particles and the
harmonic trap. Moreover, a large interaction energy would violate the criterion for a
one-dimensional regime as is discussed in Section 2.
Using microtrap technology [24, 25, 26, 27, 28], it will become possible in the near future
to produce a neutral ultracold quasi one-dimensional Fermi gas in a highly elongated
trap.
The confinement of a trapped ultracold gas can be realized by a harmonic external
potential. Theoretical work on interacting fermions in a one-dimensional harmonic trap
has been published in [30, 31]. It is based on concepts of Luttinger liquid theory [32] (for
reviews see [33, 34, 35]). Detailed knowledge of the coupling constants will be necessary
for understanding the ground state properties of this novel confined one-dimensional
Fermi gas. The coupling constants will decide which type of fluctuations are dominant,
density wave, component wave, or pairing fluctuations.
Solvable models require specific forms of the interaction coefficients, especially the
exclusion of momentum non-conserving collision events in the harmonic trap (which
evidently are present here). We study the coefficients of the pair interaction in order to
find out to what extent physical interactions have at least approximately the behaviour
required by the exactly solvable models.
We construct an effective one-dimensional potential from a physical interaction potential
using the simplest conceivable realization of the projection from three dimensions to
3one dimension. We set up the effective interaction operator by taking into account
only interaction coefficients of the transverse ground state and study the effects of the
one-dimensional geometry on the form of the interaction coefficients.
In many cases, identical spin polarized fermions experience only a weak residual
interaction because s-wave scattering is forbidden. This restriction does not hold for a
two-component system of spin polarized fermions where significant interactions between
the components are possible. For instance, the dipole–dipole interaction [36] can become
relevant, especially in the case of polar molecules [37].
Postulating the existence of an effective local one-dimensional potential with a Fourier
transform, we demonstrate that three main scattering processes dominate the interaction
coefficients in one dimension. They are identified as two forms of forward and one
form of backward scattering. They determine the coupling constants in theories of the
interacting one-dimensional degenerate Fermi gas.
Recently, a two-component Fermi gas has been realized [38] with different hyperfine
states of 40K. For simplicity, however, we assume the same longitudinal trapping
frequency for both components.
The paper is organized as follows. Section 2 develops the theory for the interaction
coefficients. It includes a discussion how the one-dimensional regime may be reached.
In Section 3 we evaluate the interaction coefficients for an arbitrary interaction of
finite range in terms of the zeroth and second moments of the effective one-dimensional
interaction potential. In Section 4 we present the results for the marginally long-ranged
dipole-dipole interaction. In both cases we assess the relevance of our findings for one-
and two-component Fermi vapours in one dimension.
2. Theory
Starting from the case of identical atoms in the same hyperfine state, the pair interaction
operator Vˆ3 for a many particle system in a trap is
Vˆ3 =
1
2
∑
V (m,p; q,n) cˆ+mcˆq cˆ
+
pcˆn, (1)
with interaction coefficients
V (m,p; q,n) =
∫
d3x d3x′ ψ∗m(x)ψ
∗
p(x
′)V3(x− x′)ψq(x)ψn(x′). (2)
V3(x − x′) denotes the two-particle interaction potential while the quantum numbers
mx, my, mz etc., abbreviated by m, characterize the single particle bound state in the
potential of the trap.
In our case,
V (x) =
1
2
mAω
2
ℓ z
2 +
1
2
mAω
2
⊥ (x
2 + y2) (3)
4is the potential of the highly elongated (trap frequencies ω⊥ ≫ ωℓ) axially symmetric
harmonic trap. The atomic mass is denoted by mA. The non-interacting system has
single particle levels
h¯ωn = h¯ωℓ
(
nz +
1
2
)
+ h¯ω⊥(nx + ny + 1), nx, ny, nz = 0, 1, . . . (4)
and wave functions which are products of the wave functions of the one-dimensional
harmonic oscillator, e.g., for the coordinate z in the elongated direction of the trap
(n = nz)
ψn(z) =
(
α
2nn!π1/2
)1/2
exp(−α2z2/2)Hn(αz). (5)
Hn denotes a Hermite polynomial. Intrinsic length scales of the trap are ℓ = α
−1
with α2 = mAωℓ/h¯ and ℓ⊥ = α
−1
⊥ with α
2
⊥ = mAω⊥/h¯, the spatial extensions of the
longitudinal and transverse ground states, respectively.
We consider a system of 1≪ N < ω⊥/ωℓ fermionic atoms. At T = 0, they fill the lowest
N states well below the first transverse excited state. Note that each single particle level
is occupied by at most one spin-polarized fermion. Then the unperturbed Fermi energy
is
ǫF = h¯ωℓ
(
N − 1
2
)
. (6)
The transverse ground state energy h¯ω⊥ is taken from now on as zero of energy.
Neglect of all terms with transverse quantum numbers not equal to zero defines our
quasi one-dimensional model. The validity of this approximation is discussed below.
From now on we write m for m = (0, 0, mz) etc. and use an effective one-dimensional
potential V1eff which results from averaging the physical potential V3 over the transverse
ground state
V1eff(z − z′) =
∫
d2x d2x′ ψ⊥0(x)
2ψ⊥0(y)
2ψ⊥0(x
′)2ψ⊥0(y
′)2V3(x− x′). (7)
For example, a three-dimensional contact potential V3(x) = g δ
(3)(x) (which contributes
only for bosons or non-identical fermions to Vˆ3) gives
V1eff(z) = g
α2⊥
2π
δ(z). (8)
Instead of computing V (m, p; q, n) from the real space potential equation (7) we use in
our calculations below a Fourier version of equation (2) which reads
V (m, p; q, n) = cos(π(|q −m| − |n− p|)/2)
(
2
min(m, q)!min(n, p)!
max(m, q)!max(n, p)!
)1/2
(9)
× α
2π
∫ ∞
0
dv v(|q−m|+|n−p|−1)/2 e−vV˜1eff(k
2
‖ = 2α
2v) L
(|q−m|)
min(q,m)(v)L
(|n−p|)
min(n,p)(v),
5provided the Fourier transform V˜1eff(k‖) of V1eff(z)
V˜1eff(k‖) =
∫
dz exp(ik‖z)V1eff(z)
exists. The z–component of the Fourier variable k is denoted by k‖. L
(j)
i denotes a
Laguerre polynomial.
We generalize to the case of two components and discuss the conditions under which the
one-dimensional model defined above is valid. First of all we exclude thermal excitations
of the transverse levels by demanding kBT ≪ h¯ω⊥. Consider now 2N fermionic atoms
in an elongated harmonic trap which are distributed equally into 2 hyperfine states.
Atoms of different components interact through a three-dimensional contact potential
g δ(3)(x − x′). Interaction between atoms of the same component is much weaker and
is therefore neglected here. The relation N < ω⊥/ωℓ guarantees that all the atoms can
be accomodated in the non-interacting ground state. We use the mean field estimate
ng for the interaction energy per atom denoting the density in three dimensions of each
hyperfine component by n. Following D. Gangardt and and G. Shlyapnikov [39], this
energy must be much smaller than the transverse excitation energy h¯ ω⊥ to be in the
one-dimensional regime. Hereby it is assumed that the width of the transverse ground
state of the trap greatly exceeds the three-dimensional scattering length a = mg/4πh¯2
for the scattering of fermions in different hyperfine states [40]. N atoms in the transverse
ground state of the trap occupy a volume of ∼ 2π α−1 α−2⊥
√
2N and the above criterion
may be written as
aα
√
2N ≪ 1. (10)
Note that the aspect ratio (ωℓ/ω⊥)
1/2 does not enter the criterion (10) explicitely. It is
not only a sufficiently large ratio of ω⊥/ωℓ but the reduction of N which leads into the
one-dimensional regime provided the Fermi level is always below h¯ω⊥.
As an example we consider fermionic potassium atoms in 2 different hyperfine states in
an elongated harmonic trap with typical parameters: ωℓ/ω⊥ = 10
−4, α = 103 cm−1, and
a = 8 nm. The transverse ground state of the trap be half filled by each component.
Then the ratio between the energies of interaction and transverse excitation is as small
as 0.05. In what follows we assume that the above criterion is always fulfilled.
We continue to discuss the interaction coefficients V (m, p; q, n). From equation (7) the
following features may be deduced: If the atoms interact by the marginally long ranged
dipole-dipole interaction which has no intrinsic range, the effective one-dimensional
potential has a finite range d1D ∼ ℓ⊥. This is shown in detail in Section 4. We note
that a similar calculation may be performed for the Coulomb interaction which has an
infinite range and results in d1D ∼ 3ℓ⊥. If instead the interatomic potential has a finite
range d3D as e.g. the van der Waals interaction then we find d1D ∼ d3D.
6In addition, the integrand in equation (9) contains further functions including Laguerre
polynomials. This weighting provides a soft momentum cut-off at k > 2kF or v > 4N ,
provided we consider the physically relevant case m ≈ n ≈ p ≈ q ≈ N ≫ 1, but
|m− n| ≪ N , |m− q| ≪ N , etc.. It is here, where the fermionic nature of the quantum
gas becomes relevant.
There are 24 coupling coefficients V (m, p; q, n) for any set of four distinct integers. Due
to the symmetries (m ↔ q), (n ↔ p), and ([m, q] ↔ [n, p]) only three of them can be
different.
It is one of the aims of the present work to study how far atoms confined to a
one-dimensional harmonic trap and interacting by physical potentials have interaction
coefficients V (m, p; q, n) which behave as
V (m, p; q, n) ≈ Va δm−q,n−p + Vb δq−m,n−p + Vc δm+q,n+p. (11)
For such an interaction an exact solution of the model was found in previous work [30].
Fermions in a box have exactly the required behaviour as is shown in the appendix. This
is a consequence of local translational invariance inside the box. In the one-dimensional
harmonic trap, however, the situation is different. Only in a region around the center of
the trap, say at |z| ≤ δ, the atoms nearly feel no external force. Here the single particle
states are superpositions of plane wave states exp(iknz) with kn = ±α
√
2n− 1. Because
the relevant states are near the Fermi edge, we have |kn| ≈ kF. According to equation
(1), incoming states {n, q} are transformed into outgoing states {p,m} in the collision
process. Denoting a state with kn ≈ −kF by (−n), three types of collision processes
may be discriminated
a-type: {n, q} → {p,m},
b-type: {n,−q} → {p,−m},
c-type: {n,−q} → {−p,m}.
(12)
If the atoms move in the same direction, only forward scattering (∆p ≪ h¯kF, type a)
may occur. If the atoms move in opposite directions, forward scattering (∆p ≪ h¯kF,
type b) as well as backward scattering (∆p ≈ 2h¯kF, type c) are possible. The first two
cases were considered in the first two papers of [30]. The last one requires an extension
of the bosonization method, which is the aim of the third paper [30]. The couplings Va,
Vb, and Vc are the analogues of the Luttinger model couplings g4, g2, and g1, respectively
[33, 34, 35].
Because the quantum numbers m, p, q, n denote energies in units of h¯ωℓ, momentum
conservation can only be approximately fulfilled. If e.g. in the c-type collision process
m+ q − p− n = 0 then, linearizing with respect to m−N etc. gives
|km|+ |kq| − |kp| − |kn| = O(N−1), (13)
7and one would conclude that the coefficients Va,b,c would dominate more clearly with
increasing N .
On the other hand, the larger N , the larger is the fraction of atoms in the regions
|z| > δ where momentum is not conserved (recall that the number of atoms in the
central region |z| ≤ δ is only ∝ √N) and this would enhance the momentum non-
conserving coefficients.
From the discussion below it will turn out that for short range interactions
(approximated by a contact potential) coefficients of type a,b, or c dominate over the
coefficients with indices which do not fulfill one of the three momentum conservation
relations above. Moreover, we will show that backscattering is strongly suppressed for
interactions with a range of more than the interparticle separation.
3. General Discussion
Before going to specific interactions, we address some general questions related to the
above results.
Interactions produced by a one-dimensional contact potential will henceforth be called
”s-wave”. Such a contact potential produces interaction coefficients, which are fully
symmetric in all their arguments. Therefore they do not contribute to the interaction
between identical fermions. We demonstrate how a contact contribution is subtracted
from the interaction coefficient
V (m, p; q, n) =
∫
dz dz′ ψm(z)ψq(z) V (z − z′)ψp(z′)ψn(z′). (14)
The one-dimensional potential V (z) could, for instance, be an effective one-dimensional
potential calculated from a physical potential via equation (7). If V (z) decays faster
than the product ψp(z
′)ψn(z
′) oscillates (for p ≈ n ≈ N the wavelengths are about
π/kF ≈ πℓ⊥) one can expand ψp(z′)ψn(z′) at z′ = z up to second order and gets
V (m, p; q, n) = 〈V 〉
∫
dz ψm(z)ψq(z)ψp(z)ψn(z)
+
1
2
〈z2 V 〉
∫
dz ψm(z)ψq(z)
d2
dz2
[ψp(z)ψn(z)] + . . .
= V (s)(m, p; q, n) + V (p)(m, p; q, n) + . . . (15)
We call the first term in equation (15), which corresponds to a contact interaction,
V (s) (”s–wave”) and the second term V (p) (”p–wave”) contribution to the interaction
coefficient. Higher order ”partial waves” can be defined analogously.
A sufficient condition for the validity of the expansion is 2kFd1D ≪ 1. Here we use the
notation 〈V 〉 = ∫ dz V (z) and assume that the first moment 〈z V 〉 of V vanishes because
8V is an even function. The moments of V may be expressed in terms of the Fourier
transform V˜ (k) of the potential and its second derivative V˜ ′′(k) at k = 0
〈V 〉 =
∫
dz V (z) = V˜ (k = 0), (16)
〈z2 V 〉 =
∫
dz z2 V (z) = −V˜ ′′(k = 0), (17)
provided the integrals converge. The Fourier variable k conjugate to z in this case
corresponds to k‖ as explained above.
We note that the expansion equation (15) is equivalent to inserting the approximation
V (z) ≈ 〈V 〉 δ(z) + 1
2
〈z2V 〉 d
2
dz2
δ(z) + . . . (18)
into equation (14).
In a contact interaction, the momentum transfer is uniform: Both forward scattering
(k ≪ kF) as well as backward scattering (k ≈ 2kF) are equally present in the potential
and hence contribute equally to the first term in equation (15). In ”p-wave” scattering,
however, the second derivative leads to a suppression of the forward contribution.
In the Fourier domain, equation (18) reads
V˜ (k) = V˜ (k = 0) +
1
2
V˜ ′′(k = 0) k2 +O(k4), (19)
provided V˜ (k = 0) and V˜ ′′(k = 0) exist. Again, the first term is called ”s–wave” and
the second ”p–wave”.
The dominant interaction between different components in a mixture of Fermi gases
with short range interaction is the ”s-wave” part. It is characterized by interaction
coefficients, which are fully symmetric in its arguments.
In this case, inserting only the ”s–wave” part V˜ (k = 0) of equation (19) into equation
(9), the v-integration can be performed exactly, leading to the result:
V (s)(m, p; q, n) = α〈V 〉 cos(π(p+ q −m− n)/2)√
2π
(
Γ(m+ 1)
Γ(p+ 1)Γ(q + 1)Γ(n+ 1)
)1/2
× Γ(a1)Γ(a2)
Γ(a3)Γ(m− q + 1) 3F2 (−q, a4, a2; a5, m− q + 1; 1) (20)
with the abbreviations a1 = (p + q + n − m + 1)/2, a2 = (m + p − q − n + 1)/2,
a3 = (p+ q −m− n+ 1)/2, a4 = (m+ n− p− q + 1)/2, a5 = (m− n− p− q + 1)/2.
The generalized hypergeometric function 3F2 reduces here to a finite series [41].
9The coefficients V (s)(m, p; q, n) have arguments m, p, q, n ≈ N while the differences of
the arguments are much smaller thanN as was explained above. In this case, the relative
variation of the arguments of the functions which determine V (s)(m, p; q, n) according to
equation (20) is small with respect to a variation of N but of order unity with respect
to variations of the differences of the arguments. Numerical examination of equation
(20) shows that V (s)(m, p; q, n) behaves indeed in this way.
Following equation (11), we use the notation Va for V (m, p; q, n) with m+p = q+n. Vb
and Vc are defined analogously. Specifically for the coefficients Va, Vb, and Vc, we find
from equation (20)
V
(s)
a,b,c(m, p; q, n ≈ N) ∝ N−0.3. (21)
For the model interaction in the appendix (see equation (A.6) below) we have instead
Va,b,c ∝ N−1/2 (note L ≈ LF) in accordance with an argument given in [31]. In contrast,
the momentum non-conserving coefficients are almost independent of N . Concerning
the neglect of all background coefficients, as in the Tomonaga-Luttinger model with
harmonic confinement, we conclude from the present work that this model may be
applicable to non-identical fermions if the number of atoms in the trap is limited [29].
In figure 1, we show corresponding results. We have chosen the form of a histogram
since the coefficients V (m, p; q, n) with an odd sum of arguments vanish.
The ”p-wave” interaction coefficients are obtained by inserting only the ”p–wave” part
1
2
V˜ ′′(k = 0) k2 of equation (19) into equation (9). They can also be given in closed form:
V (p)(m, p; q, n) = −α3 〈z2V 〉 cos(π(p+ q −m− n)/2)√
2 π
(
Γ(m+ 1)
Γ(p+ 1)Γ(q + 1)Γ(n+ 1)
)1/2
× Γ(b1)Γ(b2)
Γ(b3)Γ(m− q + 1) 3F2 (−q, b4, b2; b5, m− q + 1; 1) (22)
with the abbreviations b1 = (p + q + n − m − 1)/2, b2 = (m + p − q − n + 3)/2,
b3 = (p+ q −m− n− 1)/2, b4 = (m+ n− p− q + 3)/2, b5 = (m− n− p− q + 3)/2.
This formula is relevant for identical fermions with a short range interaction in a quasi
one-dimensional harmonic trap.
Corresponding results are shown in figure 2. Note that units are different from figure 1.
Forward scattering is almost completely suppressed and the backward scattering
interaction coefficients Vc become dominant. The N–dependence of V
(p)
c ist different
from that of V (s). We find
V (p)c ∝ N0.5, (23)
which agrees for L ≈ LF completely with equation (A.11) below in the limit kF d ≪ 1,
even if our interaction model in the appendix is extremely crude. The dominance of
10
Vc over Va and Vb persists for all N . The momentum non-conserving coefficients also
increase with N but slightly less than Vc.
As was discussed in Section 2, the Fermi algebra removes any fully symmetric part of
the interaction coefficients V (m, p; q, n). Inspection of figures 1 and 2 shows that not
only the two forward scattering peaks disappear after this procedure but also almost all
momentum non-conserving coefficients. In principle, we considered an arbitrary finite
ranged potential V (z) here but the approximation (18) and (19) require an interaction
of short range to be valid. Note also that figures 3 and 4 below show that the same
feature is present in the case of the marginally long ranged dipole-dipole interaction.
We conclude that theories like [30] which exactly solve the model find strongest support
by our results if they take into account backscattering between identical fermions.
4. Dipole–Dipole Interaction
The real space interaction between two parallel magnetic dipoles µ is
V3DD(x) =
µ0
4π
[
µ2
r3
− 3(x · µ)
2
r5
− 8π
3
µ2δ(3)(x)
]
. (24)
The Fourier transform becomes [36]
V˜3DD(k) = µ0
(
(µ · k)2
k2
− µ2
)
. (25)
These functions are singular at x = 0 and k = 0, respectively.
With trivial redefinitions, all formulae can be taken over to the case of molecules
interacting via permanent electric dipoles.
The Fourier version of equation (7) reads
V˜1eff(k‖) =
∫ d2k⊥
(2π)2
exp
(
−k2⊥/2α2⊥
)
V˜3(k), (26)
where k‖, k⊥ are the components of the wave vector k with respect to the axis of the
trap.
A straightforward application of equation (26) gives the effective one-dimensional dipole-
dipole potential
V˜1eff DD(k‖) = −µ0µ
2α2⊥
2π
{
3 cos2Φ− 1
2
[
1 +
κ2
2
eκ
2/2 Ei(−κ2/2)
]
+ sin2Φ
}
(27)
11
with κ = k‖/α⊥. Ei denotes the exponential integral and Φ is the angle between the
dipoles and the axis of the trap.
The effective one-dimensional potential is non-analytic at k = 0, but has the finite value
V˜1eff DD(k‖ = 0) = −µ0µ
2α2⊥
4π
(1 + cos2Φ). (28)
For identical fermions, this value must be subtracted from equation (27), as was
explained above.
It is possible to calculate exactly the real space version of the effective one-dimensional
dipole–dipole interaction:
V1eff DD(z) =
1
2 π
∫ ∞
−∞
dk‖ e
−ik‖z V˜1eff DD(k‖) (29)
= − µ0µ
2α3⊥
8
√
2π
{
(3 cos2Φ− 1)
[
(1 + α2⊥z
2) exp
(
α2⊥z
2/2
)
erfc
(
α⊥|z|/
√
2
)
−
√
2/π α⊥|z|
]
+
8√
2π α⊥
sin2Φ δ(z)
}
.
For |Φ| < (>) arccos 1/3, the potential is attractive (repulsive). Note that in a
one-dimensional Fermi gas quantum fluctuations prevent the classical collapse of this
configuration until a threshold attractive interaction strength is reached which according
to [30] is |Va,b,c| = O(h¯ωℓ). The range d1D of this effective one-dimensional potential
inside the trap follows from d1Dα⊥ = 1, which gives kFd1D =
√
2 for a completely filled
trap. The real space potential, which has a cusp at z = 0, is shown in the inset of figure
4 for the case of dipoles oriented parallel to the axis of the trap (Φ = 0).
The large distance behaviour is
V1eff DD(|z| ≫ α−1⊥ )→ −
µ0µ
2
4π
(3 cos2 Φ− 1) 1|z|3 . (30)
This is exactly the behaviour of the initial potential equation in three dimensions (24)
along the z-axis for two parallel dipoles.
We now turn to the interaction coefficients for the dipole–dipole interaction. The
analytic procedures outlined in equations (15) to (19) are not applicable to the dipole–
dipole interaction. We thus resort to a numerical evaluation and consider the case of
dipoles oriented parallel to the z–axis: The sequence V (m = 107, p = 103; q = 105, n)
of interaction coefficients is displayed in figure 3, as calculated from the full equation
12
(26), i.e., for the interaction between fermionic atoms in different hyperfine states. Here
and in figure 4 a filling factor F = Nωℓ/ω⊥ ≈ 1 is assumed.
It is seen that the backward scattering coefficient Vc is suppressed in comparison to
Va ≈ Vb (for large N , Va → Vb hold due to the long range of the interaction. This is in
accordance with the results for the model interaction in the box (equation (20) below,
case 2kFd = O(1)).
The N–dependence of the coefficients Va, Vb, and Vc for the full dipole-dipole interaction
is
Va, Vb ∝ N−0.3, Vc ∝ N−0.1 (31)
while the background coefficients which dominate more than in the case of the contact
interaction (cf. figure 1) remain almost constant.
In figure 4, we show the interaction coefficients for identical fermions, i.e., for the effective
one-dimensional potential V˜1eff DD(k) − V˜1eff DD(k = 0). It can be seen that in this case
the approximation
V (m, p; q, n) ≈ V (non−s)c δm+q,n+p (32)
is appropriate, i.e., only backward scattering is relevant.
The N–dependence of V (non−s)c is different for different filling factors F = Nωℓ/ω⊥. For
F ≈ 1 the N–dependence is estimated as V (non−s)c ∝ N−0.5 while for F ≪ 1 it becomes
V (non−s)c ∝ N0.5. Both results agree with equation (23) as well as with equation (A.7)
(note that in the first case kF d ≈ 1 while kF d≪ 1 for the second case). The background
coefficients grow slightly with N .
From our results, we conclude that neglect of the background coefficients finds
justification for the case of identical fermions in traps with a small filling factor after
the s-wave part has been subtracted.
Finally, we estimate Va ≈ Vb for fermions in different hyperfine states, which interact
via the magnetic dipole–dipole interaction. For m, p, q, n ≈ N the coefficients
V
(s)
a,b,c(m, p; q, n) do not exceed V (N,N ;N,N). With dipoles oriented parallel to the
trap axis and using the ”s-wave” approximation in equation (20) we get
V (s)(N,N,N,N) ≈ −1.34 µ0µ
2
4π
mA
h¯2
α⊥√
F
h¯ωℓ.
We refer to the planned highly anisotropic trap in [28] and find with ω⊥ = 12π · 105s−1
for 53Cr:
∣∣∣∣∣∣
V
(s)
a,b,c
h¯ωℓ
∣∣∣∣∣∣ <
0.2√
F
.
Provided F is small, |Vb| can become of the order of the unperturbed level splitting h¯ωℓ,
which is required for interactions to be relevant.
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5. Discussion and Summary
The prospect of realizing a quasi one-dimensional gas of interacting fermions in a trap
will allow a comparison of experiments with emerging theories [30, 31] based on Luttinger
liquid theory. These theories require a knowledge of the coupling constants describing
the interaction.
We have shown in detail, how a physical pair interaction between fermions in three
spatial dimension determines three effective coupling functions Va, Vb, and Vc for the
interaction of the fermions when they are confined to a quasi one-dimensional harmonic
trap.
The coupling functions Va and Vb describe the forward scattering, while Vc quantifies the
backward scattering. Their respective values depend significantly on the range d3D of the
original pair interaction, the reference length being the inverse of the one-dimensional
Fermi wave number.
For 2kFd3D ≪ 1 and distinguishable fermions, i.e., for the inter-component interaction
in a quantum gas mixture, e.g. for the van der Waals interaction, forward and backward
scattering contribute about equally. The effective one-dimensional potential is also short
ranged and the equivalent of the s-wave approximation is applicable.
For dipole–dipole interaction where d3D is not defined, the effective one-dimensional
potential acquires a range d1D ≈ 1/kF inside the trap.
For distinguishable fermions, backward scattering becomes suppressed in comparison
with forward scattering with increasing range of interaction.
These results change when the fermions are identical. The contact potential (”s-wave
scattering”) then does not contribute. This has a surprising effect on the effective
coupling functions: To a good approximation, only backscattering survives, i.e., Va and
Vb can be neglected in comparison with Vc even if this backscattering coefficient is
significantly reduced in the case of short range interactions.
For the dipole-dipole interaction, however, it is of the same order as for the full dipole–
dipole interaction. In reality, only the electric dipole–dipole interaction between identical
fermionic molecules with a permanent electric dipole moment [37] can become relevant.
Finally we mention that dipolar fermionic molecules 40K-87Rb were discussed [19] as
possible candidates for fermionic superfluidity.
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Figure captions
Figure 1. Reduced interaction coefficient V (s)(1220, 1214; 1200, n)/(α〈V 〉) for ”s-
wave” scattering in the quasi one-dimensional harmonic trap. Three contributions
at n = 1194 (Vb), n = 1206 (Vc), and n = 1234 (Va) dominate. Coefficients with an
odd sum of arguments vanish.
Figure 2. Reduced interaction coefficients V (p)(1220, 1214; 1200, n)/(α312 〈z2 V 〉)
for ”p-wave” scattering versus n for the quasi one-dimensional harmonic trap.
Backscattering coefficient V
(p)
c < 0 at n = 1206 dominates. Coefficients with an
odd sum of arguments vanish. Background coefficients as seen in figure 1 almost
disappeared.
Figure 3. Reduced interaction coefficients V (107, 103; 105, n)/|V˜1effDD(0)| for the full
dipole–dipole interaction between atoms in different hyperfine states versus number n
of oscillator state. Dipoles are oriented parallel to the trap axis and a filling factor of
≈ 1 is assumed. Backscattering coefficient Vc at n = 109 is smaller than the forward
scattering coefficients Va and Vb, which also dominate the other interaction coefficients.
Coefficients with an odd sum of arguments vanish.
Figure 4. Reduced interaction coefficients V (non−s)(107, 103; 105, n)/|V˜1effDD(0)| for
the dipole–dipole interaction between identical atoms versus number n of oscillator
state. Dipoles are oriented parallel to the trap axis and a filling factor of ≈ 1 is
assumed. Backscattering coefficient V
(non−s)
c at n = 109 dominates all other interaction
coefficients including the forward scattering coefficients. Moreover, background
coefficients are much smaller in comparison with the main peak than in figure 3. The
inset shows the real space version of the effective one-dimensional potential V1eff DD
versus z. Coefficients with an odd sum of arguments vanish.
Appendix: Model interaction in the box
Equations (20) and (22) allow easy numerical evaluation, but are not transparent. We,
therefore, study a solvable model for the interaction coefficients. We consider the one-
dimensional potential (cf. also [42] for a related analysis)
V (z) =
g
2d
for |z| ≤ d and V (z) = 0 for |z| > d, (A.1)
15
normalized according to∫ ∞
−∞
dz V (z) = g.
The fermions are confined to a box of length L ≫ d with infinitely high walls. The
single particle eigenstates are then
ψm(z) =
√
2
L
sin
mπz
L
, m = 1, 2, 3, . . . . (A.2)
The interaction coefficients according to equation (9) are given (up to a small correction
of order d) by
Vbox(m, p; q, n; d) =
2g
dL2
∫ L
0
dz1 sin
mπz1
L
sin
qπz1
L
∫ z1+d
z1−d
dz2 sin
pπz2
L
sin
nπz2
L
(A.3)
=
1
2L
(
sin(p− n)πd/L
(p− n)πd/L (δm+p,q+n + δm+n,p+q) +
sin(p+ n)πd/L
(p+ n)πd/L
δm+q,p+n
)
.
All coefficients, except those with
m± p± q ± n = 0, (A.4)
vanish due to local translational invariance inside the box. But near the Fermi surface
(m, p, q, n ≈ N ≫ 1) only the three processes shown in equation (A.3) remain: two with
small and one with large momentum transfer ∆p as was discussed in Section 2.
In the notation of equation (11), this can be written as
Vbox(m, p; q, n; d) = Va δm+p,q+n + Vb δm+n,p+q + Vc δm+q,p+n. (A.5)
Again, for processes near the Fermi edge and d≪ L we approximate
Va = Vb ≈ g
2L
(
1− (p− n)
2π2d2
6L2
)
, (A.6)
Vc ≈ g
2L
(
sin(2Nπd/L)
2Nπd/L
)
. (A.7)
The coefficients depend on the differences between the indices only (Va,b) or are
constant with respect to the indices (Vc). We note in passing that the interaction
coefficients Vbox(m, p; q, n; d) show perfectly the behaviour which allows application of
the Bosonization method, see [30].
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In the limit d → 0 the potential (A.1) becomes a contact potential g δ(z) with pure
s-wave scattering and all three types of coefficients are equal and constant
Va,b,c → V (s)a,b,c =
g
2L
. (A.8)
However, when the range d of the potential (A.1) increases and becomes larger than the
average distance L/N of the atoms in the box the backscattering coefficient Vc decreases
while Va,b remain constant as long as d≪ L.
As discussed in Section 3 above, any fully symmetric part common to all interaction
coefficients does not contribute to the interaction Vˆ3 according to equation (1) and
may therefore be removed. Doing so we subtract the fully symmetric potential
Vbox(m, p; q, n; d = 0) (A.8) from Vbox(m, p; q, n; d) (A.5,A.6,A.7) with the result that
only a backscattering term which we denote by V (p)c remains
Vbox(m, p; q, n; d)→ V (p)c δm+q,p+n (A.9)
V (p)c =
g
2L
(
sin(2πNd/L)
2πNd/L
− 1
)
δm+q,p+n (A.10)
≈ − g
3L
k2Fd
2 δm+q,p+n,
where the latter approximation is valid for kFd ≪ 1 (kF = πN/L). The sign of V (p)c
is opposite to the sign of V (s)c in accordance with the results for the harmonic trap,
compare figures 1 and 2.
In equations (21) and (23) we found in the case of the harmonic trap for the scaling
of the coefficients with the particle number N : V
(s)
a,b,c ∼ N−0.3 and V (p)c ∼ N0.5. To
compare with equations (A.8) and (A.9) where the coefficients are given in terms of L
and kF we recall that in the harmonic trap kF and L are proportional to
√
2N . We
substitute these relations into the box coefficients and get
V
(s)
a,b,c ∼ N−1/2, V (p)c ∼ N1/2. (A.11)
We conclude that in spite of the crude character of our model the agreement of the
cofficients Va,b,c in the box and in the harmonic trap is quite good. The background
terms for the momentum non-conserving processes in the harmonic trap are, of course,
absent in the box.
References
[1] Anderson M H et al 1995 Science 269 198, Davis K B et al 1995 Phys. Rev. Lett. 75 3969, Bradley
C C et al 1995 Phys. Rev. Lett. 75 1687
17
[2] Brosens F, Devreese J T and Lemmens L F 1998 Phys. Rev. E 57 3871
[3] Bruun G M and Burnett K 1998 Phys. Rev. A 58 2427
[4] Zaluska-Kotur M A et al 2000 Phys. Rev. A 61 033613
[5] Hiroyuki Yoshimoto and Susumu Kurihara 2002 cond-mat 0210198
[6] Houbiers M et al 1995 Phys. Rev. A 56 4864
[7] Baranov M A and Petrov D S 1998 Phys. Rev. A 58 R801
[8] Houbiers M and Stoof H T C 1999 Phys. Rev. A 59 1556
[9] Combescot R 1999 Phys. Rev. Lett. 83 3766
[10] Baranov M A et al 2002 Phys. Rev. A 66 013606
[11] DeMarco B and Jin D S 1999 Science 285 1703
[12] O’Hara K M et al 2000 Phys. Rev. Lett. 85 2092
[13] Schreck F et al 2001 Phys. Rev. A 64 011402(R)
[14] Truscott A G et al 2001 Science 291 2570
[15] Schreck F et al 2001 Phys. Rev. Lett. 87 080403
[16] Hadzibabic Z et al 2002 Phys. Rev. Lett. 88 160401
[17] Hadzibabic Z et al 2003 cond-mat/0306050 v1
[18] Heiselberg H et al 2000 Phys. Rev. Lett. 85 2418
[19] Roati G et al 2002 Phys. Rev. Lett. 89 150403
[20] Timmermans E et al 2001 Phys. Lett. A 285 228
[21] Holland M et al 2001 Phys. Rev. Lett. 87 120406
[22] Ohashi Y and Griffin A 2002 Phys. Rev. Lett. 89 130402
[23] O’Hara et al 2002 Science 298 2179
[24] Vuletic V et al 1998 Phys. Rev. Lett. 80 1634
[25] Fortagh J et al 1998 Phys. Rev. Lett. 81 5310
[26] Denschlag J, Cassettari D and Schmiedmayer J 1999 Phys. Rev. Lett. 82 2014
[27] Reichel J, Ha¨nsel W and Ha¨nsch T W 1999 Phys. Rev. Lett. 83 3398
[28] Ott H et al 2001 Phys. Rev. Lett. 87 230401
[29] One must expect that a renormalization of the bare values occurs. For practical applications, this
may not be a serious problem because only the central coupling constants which describe the
interaction in the mass and composition channels are relevant. As in the Luttinger model these
are treated as adjustable parameters.
[30] Wonneberger W 2001 Phys. Rev. A 63 063607, Gao Xianlong and Wonneberger W 2002 Phys.
Rev. A 65 033610, Gao Xianlong et al 2003 Phys. Rev. A 67 023610
[31] Recati A et al 2003 Phys. Rev. Lett. 90 020401
[32] Haldane F D M 1981 J. Phys. C: Solid State Phys. 14 2585
[33] Emery V J 1979 Theory of the One-Dimensional Electron Gas in Highly Conducting One-
Dimensional Solids edited by Devreese J T, Evard R P and van Doren V E (New York: Plenum
p 247
[34] Voit J 1995 Rep. Prog. Phys. 58 977
[35] Schulz H J 1995 Fermi Liquids and Non-Fermi Liquids, in Mesoscopic Quantum Physics edited by
Akkermans E et al (Amsterdam: Elsevier) p 533
[36] Goral K, Englert B G and Rzazewski K 2001 Phys. Rev. A 63 033606
[37] Bethlem H L et al 2000 Nature (London) 406 491
[38] DeMarco B, Papp S B and Jin D S 2001 Phys. Rev. Lett. 86 5409
18
[39] Gangardt D M and Shlyapnikov G V 2003 Phys. Rev. Lett. 90 010401
[40] Olshanii M 1998 Phys. Rev. Lett. 81 938
[41] Prudnikov A P, Brychkov Yu A and Maricheev O I 1992 Integrals and Series vol 2 (New York:
Gordon and Breach)
[42] Scho¨nhammer K et al 2000 Phys. Rev. B 61 4393
VVV
(s)
c
a
b
(s)
(s)
0
0.005
0.01
1200 1250n
V(p)c
–20
–10
0
10
1200 1220 1240 1260n
Vb
Va
Vc
–0.02
0
0.02
100 120 140
n
Vc
(non-s)
V1effDD
0 z
0
0.01
0.02
100 120 140n
